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Dynamic Response of Initially Loaded Piezoelectric Plates

Composed of Short Fibers

Wen-Shyong Kuo*
Feng Chia University, Taichung 407, Taiwan, Republic of China

The vibration behavior of piezoelectric plates under initial electromechanical loads is examined. A unified mi-
cromechanics approach is adopted for determining the effective electroelastic properties of composites composed
of short fibers. The fibers are treated as spheroidal inclusions. Both the matrix and inclusions are assumed to
be linearly piezoelastic and transversely isotropic. The electroelastic Eshelby tensors for ellipsoidal inclusions
have been obtained and also evaluated numerically for finite fiber aspect ratios. Utilizing these tensors and ap-
plying the Mori-Tanaka mean field theory to account for the interaction between inclusions and matrix, the
effective electroelastic properties of the composites are obtained. These properties are then used to evaluate
the vibration behavior of the plates subjected to preexisting electromechanical loads. The Trefftz equations and
the variational principle are used to account for initial stresses. Numerical examples are given for the BaTiO3/
PZT-5H and carbon/PZT-5H composites. The effects of piezoelastic coupling on the elastic moduliand fundamental
frequency have been assessed. It is found that piezoelastic coupling provides a stiffening effect on the material,
thus increasing the fundamental frequency of the plate. The influence of piezoelastic coupling is more pronounced
when shorter fibers are used. The coupling effects vanish when the material becomes monolithic. Similar to applied
mechanical loads, initial electric fields also affect the dynamic response of the plate, and plate buckling can occur

when the applied initial electromechanical loads reach critical values.

Introduction

ESEARCH and development activities in piezoelectric mate-

rials are now intense and widespread. Practical applications
are numerous and spread across many industries. In processing of
piezoelectric materials, initial electromechanical stresses often oc-
cur, especially when two distinct constituents are involved in the
materials. Residual electric field, thermal expansion mismatch, and
phase transformation might represent typical sources for the cause
of initial electromechanical stresses, which could be critical in af-
fecting the performance of the composites. For better material utili-
zation, the influence of the stresses on a piezoelectric composite is
of interest to pursue. This paper is aimed at the vibration behavior
of composite plates composed of short fibers, and the initial loads
examined include in-plane normal stresses, a twisting shear acting
on the edges, and an electric field.

The electroelasticconstants of the composite should be evaluated
before examining its dynamic response. For predicting the mate-
rial properties of short-fiber composites, several approaches have
been proposed. The simplest is probably the so-called aggregate
model,' ~* which applies the known properties of constituentsto the
evaluation of the overall composite propertiesthrougha virtualrule-
of-mixtures approach. This model is known to be more suitable for
properties associated with the fiber direction. Because this macro-
scopic approach is established on a volume basis, the geometric
aspects of reinforcing fibers and the interactions between fibers and
matrix are ignored. The shear-lag method is perhaps the easiest to
account for fiber length effects.***> This method assumes that the in-
terfacial shear stress is proportional to the displacement difference
between the fiber and matrix. With this assumption, the distribution
of normal stress alongthe axial directionof the fiber canbe obtained.
No information regarding the stress and strain fields normal to the
fiber can be obtained by this method. Because both methods are
highly simplified, they are unsuitable for the present study in which
the fiber length is critical. More importantly, although both meth-
ods are intended to describe the relation between deformation and
force, they are inappropriateto be the tools for the resulting electric
properties, which are prerequisites to the analysis of piezoelastic
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composites. For this reason, a more complex micromechanics ap-
proach able to provide information on the fiber length and resulting
electroelastic properties is required.

Micromechanics, treating fibers as spheroidal inclusions and fo-
cusing on the interactions between inclusions and the surrounding
matrix, is generally believed to be the most powerful tool in hand-
ling short-fiber-reinforced composites, although the mathematical
formulation is generally complex. For a composite containing a
finite concentration of inclusions, the Mori-Tanaka mean field the-
ory is used to study the overall behavior. Based on the equivalent
inclusion method,’ Mori and Tanaka’ and Mura® first introduced
the concept of average stress in a matrix material containing pre-
cipitates with eigenstrain. This theory has been successfullyapplied
to study the elastic behavior and effective properties of short-fiber
composites.”” ' In this work, the same concept is adopted to model
short-fiber piezoelectric composites and to assess the influence of
fiber length and fiber contenton the resultingelectroelasticbehavior.
The bondings between fibers and the matrix are assumed to be per-
fect, and the matrix is assumed to be void free. From a practical point
of view, most piezoelectric materials are transverselyisotropic, and
hence the constituents in this study are limited to be transversely
isotropic, although handling anisotropic cases involves essentially
the same effort.

By modeling the disturbed strain and electric field induced by
an electromechanicalload as eigenfields, the anisotropic inclusion
method is first extended to consider the inherently anisotropic and
coupled behavior of a piezoelectric composite. Then the coupled
electroelastic Eshelby tensors that govern the strain and electric
displacementof a piezoelectricspheroidalinclusionare numerically
obtained. Finally, based on the Mori-Tanaka mean field theory, the
effectiveelectroelasticmoduli of two-phase piezoelectriccomposite
materials are obtained analytically, and the piezoelastic coupling
effect is examined.

Electroelastic Eshelby Tensors

Consider a sufficiently large piezoelectric composite D with
elastic constants Cjj,,,, piezoelectric constants e;,,, and dielectric
constants k;,, which tends to undergo eigenstrain (or stress-free
transformation strain) ¢, and eigenelectric field (or electric dis-
placement-free transformationelectric field) E; in a spheroidal in-
clusion having semiaxes a; and a; as shown in Fig. 1. Varying the
aspect ratio of the spheroidal inclusion enables the modeling of



Fig.1 Spheroidal inclusion.

fibers ranging from penny shape to continuous filament. Suppose
that the crystalline directions of the matrix coincide with the prin-
cipal axes of the inclusion and that both the piezoelectric matrix
and the piezoelectric inclusion are transversely isotropic with x3
being the symmetric axis. The piezoelastic constitutive equations
that coupled the deformation and electric fields are given as''!?
Uij = Cijmnsmn - enijEna Di = eimnsmn + KinEn (1)

When the eigenstraine’, and the eigenelectricfield E; in the inclu-
sion are uniform, the induced strain ¢,,, and electric field E,, inside
2 can be expressed as

Emn = mnabs;kb - Smn4b EZ, En = S4n4bEZ - S4nab8;kb (2)
where Sy, is referred to as the electroelastic Eshelby tensor.
Herein, the lowercase subscripts range from 1 to 3, whereas the
uppercase subscripts range from 1 to 4; the subscript 4 is associ-
ated with piezoelectric quantities. The Eshelby tensors have been
obtained previously.'?

When the strain and electric fields are known, the corresponding
stress 0;; and electric displacement D; inside the inclusiondue to a
uniform eigenfield are given by

Oij = Cijmn (Smnabs;k/, - Smn4bEZ - 8:1,,)

— €1 (Sunan By — Sanavely, — E})
nij \P4ndb = 4nab©qp n
(3)

_ * * *
Di = Cimn (Smnabsab - Smn4b E/J - smn)
+ kin (Sanav Ey — Sanavels, — E)
in\P4ndb L) 4nab® gp n
where the nonzero elementsin Cjj,,, €,;;, and «;, for a transversely

isotropic material can be expressedin the Voight two-index notation
12
as

(¢, C, Cs5 0 0 0]
C, Cs 0 0 0
[C]= Q3é) 8 8 @
44
sym. Cy O
L Ces

0 0 0 0 es5 0
el=] 0 0 0 es 0 0 5)

€31 €31 €33 0 0 0

K11 0 0
[kI=1] 0 ki 0 (6)
0 0 K33

where C¢s = (Cy; — Cyp)/2.
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The Eshelby tensor in Egs. (2) and (3) can be expressed in the
following forms:

Smnab = (l/gn)[cijab(ijin + anim) - eiab(Gm4in + Gn4im)]

Smn4b = (l/gn)[ebij(ijin + anim) + Kib (Gm4in + Gn4im)]

(7)
Sanap = (1/477)(CijabG4jm — €iap Gasin)
Sanap = (1/477)(€bij G4jin + Kiv Gasin)
The expression G, ,;, in Eq. (7) is given by
1 27
Guyin :/ Ny () D7N(£) 8L, dB gy
—-1Jo
(®)

&1 =4/1—¢fcos(B), 0 =41 =& sin(B)

where Ny ;(¢) and D(¢) are the cofactor and determinant of the
4 x 4 matrix C;p 7,8 n, respectively. Here C;yy, is the generalized
stiffness matrix defined as

Ciimn J <3 M<3

c _ e J<3 M=4 ©
HIMn Cimn J=4, M <3
—Kin J=4 M=4

Provided that all material constants are given, the double integra-
tion in Eq. (8) can be carried out numerically, and thus the Es-
helby tensor can be obtained from Eq. (9). It is found that only
15 elements in the electroelastic tensor are independent and can
be divided into two groups. The first group includes Si;11, Si122,
S1133, S1313, S1212, Sa141, and S;143; and the second group includes
S3333, S3311, S1341> 83343, Sa113> Saz11, Sa333, and Syz3. When thein-
clusion aspectratio a; /a, tends to infinity, i.e., continuous fiber, the
elementsin the second group vanish, whereas those in the first group
reduce to the following closed-form solutions:

5C + Cpy 3C;, — Cyy
Sin = ————, St = ————
8Cy; 8Cy,
Ci3 1 3C;; —Cpy
S = -, S = -, S = - 10
1133 2, 1313 = 7 1212 8C, (10)
1 es
Siia = =, Sy = —
a4 = 5 1143 2,

Effective Electroelastic Moduli

Consider a sufficiently large two-phase piezoelectric composite
D composedofellipsoidalinclusions 2 embeddedin a piezoelectric
matrix. The electroelasticconstants for the inclusionsand the matrix
are denoted C},,, and C;,,, respectively.To evaluate the effective
electroelasticmoduli of the composite, the Mori-Tanaka mean field
theory, which is believed to be one of the most powerful tools in this
issue, is used. This theory generally yields identical results when
either a traction-electric displacement or an elastic displacement-
electric field is prescribed on the boundary of the composite. In this
paper, the former is adopted.

When subjected to a far-field traction and electric displacement
on the boundary, the induced strain in the absence of inclusions is
denoted as €9, . Then the presence of an inclusion provides distur-
bance in local fields of the inclusion. The volume average of the
disturbed stress and electric field must vanish:

(1= NHlofj) + flo) =0 (11

where the angle bracket () represents the volume averaging over the
entire composite domain and f is the volume fraction of inclusions.
The generalizedstressand strain are defined to include electricterms
as

[o,-j J<3
Oiy =

T J <3 12
D, J=4 - s=4

E;
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The average disturbed stress and electric displacementin the matrix
and the kth inclusion can be expressed as

(Ui’ﬁ) = C”M’7<8;\rj[n)
<Ui§;k) (<8;\r/11n) + <8M”))

where (e7,) is the average generalized strain and (e, ) is the ave-
ragedisturbancestrainin the inclusion 2, . Becauseall inclusionsare
assumed to have the same geometric shapes and material properties,
the average valueover €2, is identical with thatover otherinclusions,
namely, (o) = (02).

When subjected to a uniform load o3y, at the far field, the average
generalized stress in inclusions can be expressed as

(e, + {ea) + a1n)

In Eq. (13), the relation (g);,) = &y, in  has been used because
the applied electromechanical load is uniform and the inclusion is
ellipsoidal.

According to the equivalent inclusion method,® the stress and
electric displacementin inclusions can be simulated by those in an
equivalentinclusion with the electroelastic constants of the matrix
and a fictitious eigenstrain and eigenelectric field €},,. Therefore,
Eq. (14) can be written as

in D—-Q

(13)
=C*

iJMn n Qk

UI(\J/In +<Ut§12) iJMn (14)

15)

where the disturbed field €y, can be related to the fictitious eigen-
field by

UI(\J/In + <Ui§12) = C”M” (<8?\/1n) + <8;\r/l[n) + EMn — s}k\/ln)

(16)

*
EMn = SMnAbsAb

By substituting Eq. (16) into Eq. (15), one can obtain the average
generalized stress in inclusions as

<U,-§;) = CiJMn<8;\n4,,) + Ciymn(Sprnapr — IM;xAb)€X4,, a7
where Iy, 45 is the fourth-orderidentity tensor defined as
(8madma + Smadma)/2 M <37 A <3
Ingnay = 3 Snp M=4A=4 (18)
0 otherwise
Combining Egs. (12), (13), and (19) leads to
{e31) = = F Swnns = Tunan)€i, (19)
Substituting this relation into Egs. (14) and (17) yields
<U,-’3) = —fCismn(Srnap — IMnAb)€X4,, (20)
<Ui§12) == NDCispnSrnav — Lynas)en, 21

The equivalenteigenstraincan be solved from Eqgs. (15) and (19) as

_ g1
=—Uy,

(c;

iJMn

81),(/[’1 CiJMn)s?\/[,, (22)

where U}, is the inverse of U, 4, given by
_CiJMn)[(l_f)SMrrAb+fIMrrAb]+CiJMr1 (23)

The overall strain of the composite is the sum of the average strains
in the matrix and inclusions weighted by their volume fractions.
Based on this, the average composite strain can be obtained as

Unpis = (C

*
iJMn

{€57) = €31 + fER (24)

Because the equivalent eigenstrain has been obtained in Eq. (22),
the average composite strain can be expressed as

{ern)

where L{,,;, is the effective composite compliance defined as

= [IM"Ab - fUI\j[rquR( :;RAb - CqRAb)]C;;iJ

—Jc 0
=Li,;,0i;

(25)

L(‘

MniJ

(26)

KUO

The effective composite stiffness C;, ,, can be obtained by the in-
verse of the compliance.

Evaluations of Uy, . from Eq. (23) and Cj,,, from Eq. (26)
involve inversions of fourth-order tensors. However, there is a lack
of a standard mathematical operation for the tensor inversion. For
this reason, a special scheme has been developed. First, the fourth-
order compliance tensor is used to map to a Voight two-index 9 x 9
compliance matrix with indices 1-6 representing elastic terms and
7-9 representing electric terms. This matrix can then be inverted
readily to obtain the associated 9 x 9 stiffness matrix. Finally, this
stiffness matrix is used to map and to generate the resulting fourth-
order stiffness tensor.

Plate Under Initial Stresses

This section examines the governing equation of motion for the
piezoelectric composite under initial electromechanicalstresses. In
dealing with the motion of the composite, the material is assumed
to be uniform macroscopically with the electroelastic constants ob-
tained from Eq. (26). According to Bolotin,'* the equilibrium equa-
tion and boundary traction condition can be expressed in terms of
Trefftz stress components as

0 0
[tij (u5 + ux),j + Uij(afj + Us,j + ux.j)] :

N

+ X%+ X, + AX, — rii; =0 (27

PJO + Ds =+ APJ = [t,-j(uj + M?).J +U’J(6~U + U j + M?J)]n,

where 1;;, u?, XE, and PX0 stand for the initial stress, displacement,
body force, and surface traction, respectively, and o;;, u,, X;, and
ps are the corresponding perturbation quantities. The terms A X
and AP, represent changes in the body force and surface traction
due to perturbation.

Because the composite is in an equilibrium state before pertur-
bation, the equation for incremental stresses and displacements can
be reduced as follows:

(t,-juj).[. + [UU((SJJ + u;,j + u?'j)],i + XJ + AXJ - Ioux =0
(28)
Ds =+ APX = [l‘,‘juj.j + O','j((sjj + ux,j + ufj)]n,

The equation of the virtual work can be obtained by multiplying
Eq. (28) by the variation of the displacement component §u, and
then integrating the resulting expression over the volume D. Upon
using the product differentiationrules and the divergence theorem,
the equation becomes

S(V + W)—i—/ pligdu, dv
D

= /[t,-juj.j +Uis —f-o,-j(uj.j + u?.j)]éujn,- ds

s

+ /(XJ + AX)du, dv (29)
D

where
- 1 - 1
8V =6 [ =oys;dv, W =46 [ =tjju,;u,;dv (30)
2 2 T
D D

The surfaceintegralin Eq. (29) consists of the integrationover the
areas S, and S, in which surface tractions and displacements are
prescribed, respectively. Therefore, from the second of Egs. (28),
the virtual work theorem is finally represented as

S(V+W) +/ piigdu, dv = / (ps + AP)Su, ds
D Sp
+ / [t,-juj.j + oi; + 0y (”s.j + u?.j)]Sujn,- ds
Su

+ / (X, + AX,)8u, dv (31)
D
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Fig.2 Initial electromechanical stresses in the plate.

The tensor form of the virtual work theorem is valid for not only
linearand conservativebut alsononlinearand nonconservativeprob-
lems. The equation will be used subsequently in deriving the equa-
tions of motion for arbitrarily prestressed plates.

Equation (31) is a general equation governing three-dimensional
motion of the composite body. To illustrate the piezoelectic effect,
the perturbing displacementsin a plate composed of the short-fiber
compositeare examined. The plateis assumed to be rectangularwith
dimension L,, L, and thickness & as shown in Fig. 2. The motion
of the plate is assumed to be the following form'* 13:

uy(x,y,z, 1) =u(y,z,t)
uy(x,y,z, ) = vy, z, 1) + x¥, (¥, 2, 1) (32)
us(x,y,z,1) = w(y, z,1) + xy.(y, 2, 1)

where u, v, and w are midplane displacements in the x, y, and z
directions, respectively, and v, and v, are rotatory angles.

Based on the displacement functions, the strain can be expressed
in terms of midplane strain and curvature vectors as

[eCx, ¥, z, D] =[eo(y, 2, D]+ x[k(y, 2, 1)] (33)
where

[80] = [Oa U.ya w,, U, + w,ya u., + wza u.y + wy]T

(34)
[«] =10, w}'.}'a Yoz wy.z + wz.ya 0, O]T
The force and moment resultants in the plate are defined as
hy2
[Nya Nza Nyza Nxza ny] = / [U}'ya O0zz5 U}'za Oyxzs U.x}']T dx
—h/2
(35
hy2
[Mya Mza M}'Za sza Mxy] = / X[Uyya Ozz5 Oyz, Oxz, ny]T dx
—h/2
The plate extensional and bending stiffnesses are defined as
Ai; = Cyjh, D;; = C;;(h*/12) (36)

where C;; is the corresponding two-index matrix of the stiffness
tensor C{, .

Performing all of the integrations in Eq. (31), taking variations
with respect to all variables, neglecting small terms, and collecting
terms that contain variationsof the same displacements,one obtains

L, pLy
/ / {H\8u + Hysv + Hydw + H,8v, + Hssy.}dy dz
0 0

y=Ly

Ly
+ / U8u + Lsv + Low + Ly, + I58y.1, " dy
0

LI
+ / [J18u + 280 + J3dw + Ju8yy + Js8y. 257 dz =0
0
(37)
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where H;, I;,and J; consistof the displacementfunctions[Eq. (32)],
the stiffnesses [Eq. (36)], and the initial forces and moments. The
details of H;, I;, and J; are lengthy and are not listed here.

Initial stresses within the plate can be introduced from two
sources: mechanical and electrical loadings. Because it has been
assumed that the induced initial stresses are linear as defined in
Eq. (1), the total initial stress can be represented by a single term.
Although there are infinite combinations of the initial stresses, only
the mechanical stresses oy, 0, and 7, and an electric field E; are
discussed (Fig. 2). The resulting initial stresses can be expressedin
the following forms:

by = 0y — e3 Ej,

I3 = 0, — e Ej, s = (2x/h)T

(38)
The terms o, 09, Ty, and E;5 are constantsso that the initial stresses

are uniform. The resultant forces and moments due to the initial
stresses can be found as

(Ny, N)) = (tra, t53)h, M, = 1o(h*/6)
(39)

(M, M?) = (2, 133) (h*/12)

If the plate is simply supported at the boundaries, the follow-
ing displacement functions satisfying the boundary conditions are
introduced:

u = C,hsin(€) sin(n) €', v = C,hsin(&) cos(n) €'
w = Csh cos(&) sin(n) '’ ¥, = C,cos(§) sin(n) € (40)
¥, = Cs sin(§) cos(n) €'’

where § = mmy/a, n = nwz/b, and C;, w, and t are coefficients,
frequency, and time, respectively. The plate characteristic equation
can be found by substituting Eq. (40) into the equation of motion
(37). A set of five homogeneousequations can be obtained as

K;;C; =0, i,j=1,...,5 41)
The terms K;; are listed in the Appendix. For nonzero solutions to
exist, the determinant of the coefficient matrix [K] must vanish, en-
abling us to evaluate the eigenvalues for plate stability and vibration
under initial stresses.

Results and Discussion
In this paper, two composite systems are examined: BaTiO;/PZT-

5H and carbon/PZT- 5H. Both BaTiO; and PZT-5H are piezoelectric
materials, and carbon is a typical reinforcing fiber with a high mod-
ulus along the axial direction. The electroelastic properties of these
constituents are given as follows.'?
BaTiO; fiber:
C}, =166,C;, =162, Cy, =43,C, =77, C; = 78GPa
e}, = —4.4, ¢, =18.6,¢'s = 11.6 C/m?
ki =112%x107 k}y = 12.6 x 10~ C*/Nm’
Carbon fiber:
C}, =20,C3, =390, Cy, =40,C}, =8,C}; = 15GPa
PZT-5H matrix:
Cl =126,Cy = 117,C), =353, C}, =77, C}, = 55GPa
el = —6.5, ¢ =23.3,¢" = 17.0 C/m’
Ky =15.1x 1077,y = 13.0 x 10~° C*/Nm*
Based on the matrix material, the Eshelby tensors are first eval-

uated numerically from Egs. (7) and (8) with various inclusion as-
pectratios as /a, . Note that the tensors are independentof inclusion
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Fig.3 Elastic moduli vs fiber aspect ratio of the BaTiO3/PZT-5H com-
posite (f =0.5).
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Fig.4 Elastic moduli vs fiber aspect ratio of the carbon/PZT-5H com-
posite (f =0.5).

properties. Once the tensors are obtained, the effective properties of
the composites can be calculated according to Egs. (23) and (26).
Figure 3 shows the obtained moduli C;; and C;; for the
BaTiO;/PZT-5H composite. It can be seen that the modulus in the
longitudinaldirection C3; is increased when the fiber aspectratio in-
creases. In comparison, the modulus in the transverse direction Cy;
is decreased with the fiber aspectratio. For this composite, the fiber
aspect ratio only marginally affects the resulting moduli. For the
carbon/PZT-5H system, however, the aspectratio is found to signif-
icantly affect the axial modulus as shown in Fig. 4 because the car-
bon fiberis a highly nonisotropicmaterial. Also shown in the figures
are correspondingresults from the simple rule-of-mixturesapproach
basedon anisostrainassumptionfor Cs; and an isostressassumption
for Cy,. This widely used model provides an easy approximationfor
composite moduli. However, the simplified assumptions ignore the
influence of fiber shapes. Thus, the results are independent of the
fiber aspect ratio. According to the figures, the difference between
the rule-of-mixtures approach and the present micromechanics ap-
proach is more pronounced when fibers are shorter. Despite this
inherent limitation, the elastic constants predicted by the present
theory and the rule-of-mixtures approach differ less than 1% for
the BaTiO3/PZT-5H system. One reason is that the moduli of the
BaTiO; fiber and PZT-5H matrix are relatively close. Thus, the
effect of strain concentration on composite elastic behavior due to
inclusionshape and material discontinuityis relatively insubstantial
for this material system. In comparison, the differenceis more than
25% for Cs; of the carbon/PZT-5H system when a;/a; = 1. When
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Fig.5 Piezoelectric constants vs fiber aspect ratio of the BaTiO3/PZT-
5H composite (f =0.5).
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Fig. 6 Piezoelectric effects on the moduli of the BaTiO3/PZT-5H com-
posite (ng: without piezoelastic coupling).

the aspect ratio becomes greater (>10 for the cases studied), the
moduli approach their asymptotic values, indicating that the rein-
forcing effect due to fiber lengthis saturated beyond this value. The
resulting piezoelectricconstants es; and es; for the BaTiO3/PZT-5H
composite are shown in Fig. 5. When the aspectratio increases, €33
is decreased, whereas the absolute value of e3; is increased.

Effects of piezoelastic coupling on the composite moduli are
also studied. To this end, the moduli are compared with the corre-
spondingresults by assuming that all piezoelectricconstants vanish,
i.e., €;,, = 0. The results in the absence of piezoelectric coupling
are denoted as C};. The ratios between C;; and Cj; are plotted in
Figs. 6 and 7 with varying fiber volume fraction and aspect ratio.
For the BaTiO;/PZT-5H composite, all independent elastic mod-
uli (Cy, Cs3, Cyy, Ci3, and Cgg) are higher than the correspond-
ing values of C[.’j. Among the five moduli, it is found that Cs; is
more affected by the piezoelectric effect than the others. For the
carbon/PZT-5H composite, Cy3 is decreased due to the presence
of piezoelastic coupling, whereas the others are increased. It is
found that the piezoelectric effect is more significant when fibers
are shorter. When f =0 and 1, the composite becomes monolithic,
and the piezoelectric coupling effect vanishes. The maximum ef-
fect occurs at about f = 0.5 for the BaTiO;/PZT-5H composite and
f =0.6 for the carbon/PZT-5H composite.

The fundamental frequencies of the plate under initial electrome-
chanical loading are obtained from Eq. (41). To simplify the dis-
cussion, plate dimensions with L, /h =10and L_/h = 10 are used.
Figure 8 shows the results for the carbon/PZT-5H composite under
initial normal stresses o, and o0. It is seen that the fundamental
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Fig. 8 Fundamental frequencies of the carbon/PZT-5H plate under
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Fig.9 Fundamental frequencies of the carbon/PZT-5H plate under 7
and o (a3/a; =2 and f=0.5).

frequencies are increased when either o or o is increased; this is
simply due to plate tensioning. When both oy and o are zero, the
point refers to the natural frequency. As o,y becomes negative, the
fundamental frequency will eventually vanish as the compressive
stress increases; the zero frequency can be defined as buckling of
the plate. Higher compressivestressis required to buckle the plate if
the tensile stress in the other direction (oyo) increases. Figure 9 illus-
trates the effect of initial shear stresses on the plate. As 7y increases,
the fundamental frequenciesare reduced and will eventually vanish
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Fig. 10 Fundamental frequencies of the carbon/PZT-5H plate under
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Fig. 11 Piezoelectric coupling effects on natural frequencies of the
BaTiO3/PZT-5H plate (w': without piezoelastic coupling).

when plate buckling due to the initial shear stress occurs. Unlike the
normal stresses, positive and negative shear stresses yield the same
results for fundamental frequenciesand bucklingloads. Because the
composite is piezoelectric, applying an electric field also induces
initial stresses. Figure 10 shows the frequencies as functions of the
electric field E5. When a positive E; is applied, a smaller positive
oy and a larger negative o are induced simultaneously according
to the constitutive relation [Eq. (1)] and the obtained composite e;;
values. Thus, the negative o, is the dominant stress for plate vibra-
tion. As Ej increases, the plate is subjected to compressive stress,
and the frequencies are reduced. Plate buckling will occur once the
applied electric field reaches a critical level. The fiber aspect ratio
affects the resulting piezoelectric constants and the frequency as
well. Note that the results in the figures are the lowest eigenvalues
searched, and the corresponding mode is m =n = 1; it is possible
that the lowest results can occur in other modes if the plate dimen-
sions or material constants are changed. Note that when applying
initial loads other than forces, such as electric fields and hygrother-
mal loads, the displacements at the boundaries of the plate should
be constrained so that the initial normal stresses can be induced.
The piezoelectric effects on natural frequencies of the plate are
shownin Figs. 11 and 12. Likewise, the correspondingresults (o) in
the absence of piezoelectric coupling are used to evaluate the ef-
fects. Because natural frequency is a function of elastic moduli, the
piezoelectric effects on the frequency must be closely related to
the effects shownin Figs. 5 and 6. Among the five elastic moduli, the
in-planenormal ones (C; and C;3) are dominantterms, whereas the
in-plane shear (C;3) and transverse ones (C|, and Cec) are less in-
fluential unless the plate is very thick. Thus, piezoelectriceffects on
the frequency can be directly assessed based on the effects on Cy;
and Cs;. Because both Cy; and C3; are increased with the presence
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Fig. 12 Piezoelectric coupling effects on natural frequencies of the
carbon/PZT-5H plate (w': without piezoelastic coupling).

of piezoelastic coupling, the same effects must also be seen in the
frequency as revealed in Figs. 11 and 12. Similar to the effects on
the moduli, the piezoelectric effects on the frequency vanish when
the material becomes monolithic, and using shorter fibers generally
results in higher coupling effects.

Conclusion

In this paper, two approacheshave been used to analyze the dy-
namic response of the short-fiber plates. One is the micromechanics
method aimed at finding the effective piezoelastic constants of the
composite. Through the use of the Mori-Tanaka mean field theory
and piezoelectric Eshelby tensors, the effect of geometric shape of
inclusions has been assessed. The other is the variational princi-
ple using the Trefftz stress components to take into account initial
stresses. With the principle, the general equations of motion can
be obtained. No terms are dropped unnecessarily, and the equation
derived here can be used to assess postbuckling and large defor-
mation problems as well as nonconservative stability and dynamic
behavior for various states of initial loads. Numerical examinations
for two composite systems have been given. Because of the highly
anisotropicbehaviorof the carbon fiber, fiber aspectratio is found to
be more influential in the carbon/PZT-5H than in the BaTiOs/PZT-
5H system. For both systems, piezoelastic coupling provides a stiff-
ening effect, which is more pronounced for the carbon/PZT-5H sys-
tem. The results indicate that the longitudinal modulus and in-plane
shearmodulus are increased with the fiber aspectratio and the piezo-
electric and dielectric constantsare decreased with the ratio. Conse-
quently, the composite natural frequency and buckling stresses are
increaseddue to the presence of piezoelectriceffects. When the fiber
volume fraction approaches O or 1, the stiffening effect disappears.
The results by the rule-of-mixtures approach have been compared
with the present analysis, and the limitation of the rule has been dis-
cussed. Besides the stiffeningeffects, piezoelasticcouplingcan also
affect the fundamental frequency through initial electric loadings,
which can induce a combination of initial normal and shear stresses
dependent on the resulting composite piezoelectric properties.

Appendix: Coefficients

The coefficients in Eq. (41) are given as follows:
K11 = Ceoh, + Cssh2 — ph*w’ + oy0)) + 0202

K1y = Cgehy, Kis = Cssh;

KUO
Ky = Cypk + Cudl — ph*w” + oy0h3 + 0202
Ky = (Co3 + Ca)dyh, Koy = %To)»y)»z
K3 = Cy3h2 + Cul — ph*e” + oy0)) + 02002
K35 = 11oh,A,
Kus = Ces + 15 Cod} + 5 Cash? — 5 ph*>@® + 50,007 + 1502017
Kys = 11—2(C23 + Ca)hy ),
Kss = Css + 15 Ci3dl + 5 Caud — 15 ph’>@® + 50,00 + 1502017
where Ay = mmh/L,and A, = nwh/L..
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